SOME NONLINEAR INEQUALITIES AND APPLICATIONS 



N. S. HOANGf AND A. G. RAMMf 

Abstract. Sufficient conditions are given for the relation limt_>oo y{t) = to 
hold, where y{t) is a continuous nonnegative function on [0, oo) satisfying some 
nonlinear inequalities. The results are used for a study of large time behavior of 
the solutions to nonlinear evolution equations. Example of application is given 
for a solution to some evolution equation with a nonlinear partial differential 
operator. 



1. Introduction 

The stability study of many evolution equations is a study of large time behavior 
of the solutions to these equations. In this paper we reduce such a study to a study 
of the behavior of a solution y{t) to some nonlinear inequalities. Assume that a 
nonnegative continuous function y(t) satisfies the following conditions 

(1-1) ^ ^{y{t))^^^^dt <oo, 0<a<l, 

and 

(1.2) yit)-yis)< f f{x,y{x))dx, 0<s<t, 

J s 

where f(x, y) is a nonnegative continuous function on [0, oo) x [0, oo), < w(t) is a 
non-decreasing continuous function, and uj{t) ~ implies t = 0. 
The question arises: 

Under what condition on f{y, t) does it follow that 

(1.3) lim y{t) = 0? 

There is a very large literature on inequalities (see, e.g., [T], [5] and references 
therein). The Barbalat's lemma is an integral inequality used in applied nonlinear 
control ([5]). The inequalities, derived in this paper, are new and are useful in many 
applications. In [9l p. 227] inequality (|l.ll) is studied for w(t) = t and a = 0. In 
this case condition (|l.ip becomes y G L^[0, oo). In [9] it is proved that (|1.3p holds 
if 1/ G i^[0, oo) and the following two conditions hold: 

(1.4) y{t)-y{s)< i f{y{x))dx+ / h{x)dx, I h{x)dx < oo. 

J s J s Jo 

Here / and h are nonnegative functions, and / is continuous and non-decreasing. 
Proofs of this result can be found in [9] and in [5] . Applications of this result to the 
stability study of evolution equations can be found in [9 and references therein. 



2000 Mathematics Subject Classification. 34D20, 34G20, 47H20, 47F05. 

Key words and phrases. Nonlinear evolution equations, stability, dynamical systems, asymp- 
totic stability. 

1 



2 



N. S. HOANGt AND A. G. RAMMJ 



This result is not applicable if y{t) ~ 0{jij) as t — > cxd, where (3 G (0, 1), because 
then y{t) is not in L^[0, oo). Also, this result is not applicable if (|1.2I) holds instead 
of (|1.4I) and / depends on x. 

The second nonlinear inequality we study is the following one: 

(1.5) g{t)<-a{t)f{g{t))+b{t), t > 0, 

where a, b and g are nonnegative functions on [0, oo), g G C^([0, oo)), a G C([0, oo)) 
and h G i;^^^([0, oo)). A sufficient condition for the relation linit^oo5(i) = to 
hold is proposed and justified in [5]. In our paper inequality ()1.5|) is studied by a 
different method and some new sufficient conditions for (jl.3p to hold are proposed 
and justified. 

The paper is organized as follows. In Theorems 2.1, 2.4 and l2.7l and their corollar- 
ies, sufficient conditions for (|1.4p to hold are formulated and justified. In Theorems 
2.11, 2.13 and 2.14 sufficient conditions for the relation \\T[it^^g{t) = to hold 
are proposed and justified under the assumption that f{t) is a continuous and non- 
decreasing function on [0, oo). In Section 3 applications of the new results to the 
stability study of evolution equations are given. 

2. Main results 
Throughout the paper we assume that 

uj{t) > is a non- decreasing continuous function and if uj{t) — then t = 0. 
This assumption is standing and is not repeated. 

Theorem 2.1. Let y{t) > be a continuous function on [0,oo), 

/•oo 

(2.1) / u{y{t))dt < oo. 



^0 

and 

(2.2) y(t)-yis)< fi^,y{Cm, 0<s<t, 

where f{t,y) is a nonnegative continuous function on [0, oo) x [0,oo). Define 

(2.3) Fit,v):^ f max/(C,C)rf^, v,t>0. 

Jo o<C<-" 

// there exists a constant a > such that the function F(t, a) is uniformly contin- 
uous with respect to t on [0,oo), then 

(2.4) lim y{t) = 0. 

Proof. If (|2.4p does not hold, then there exists an e > and a sequence (t„)5^i 
such that 

(2.5) < i„ oo, y(t„) > e, Vn > 1. 

Without loss of generality we assume that e < a. 

Since F{t, a) is uniformly continuous with respect to t, there exists S > such 
that 

rt+5 

(2.6) / max f{^,y)d^ = F{t + S,a)-F{t,a)<-, Vi > 0. 
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Let us prove that 

(2.7) y{t) > ^, Vt G [<„ - (5,t„], Vn > 1. 

Assume that (|2.7p does not hold. Then there exists n > and ^ £ [tn — S,tn) such 
that 

(2.8) yiO < |. 
Let 

(2.9) p = min{a; ■ ^ < x < tn, y{x) > e}. 
From the continuity of y, (|2.5p . and (|2.8I) - (|2.9I) one obtains 

(2.10) tn-S<^<iy< tn, y{v) = e, 
and 

(2.11) < y{x) < y{v) = e, ^<x<v. 
It foUows from ^T^, (g^, and (pi^ ipH]) that 

e 



<y(i^)-y(?)< / f{x,y{x))dx < I sup f{x,C)dx 
^ h h 0<C<e 

(2-12) 



< / sup j(x, C)dx < 

Jt„-S 0<C<a 



This contradiction proves that (|2.7I) holds. 
From (|2.7p one gets 

(2.13) / uj{y{x))dx > Suj{^) > 0, Vn > 1. 

This contradicts the Cauchy criterion for the convergence of the integral (2.1). Thus, 
holds. 

Theorem 12. H is proved. □ 

Remark 2.2. If F{t,a) is uniformly continuous with respect to t on [0,oo), then 
F{t, v) is uniformly continuous with respect to t on [0, oo) for all v G [0, a]. However, 
F{t, v) may be not uniformly continuous with respect to t on [0, oo) for some v > a. 
Here is an example: 
Let 

(2-14) /(-'^)-|l + (y-l)t if yil. 

By a simple calculation one gets 

, , r t if < u < 1 

(2.15 F(t,u) = \ , ,,,2 - - 

^ ' ^ ' ^ \i+ (u- 1)^ if M > 1. 

It follows from (|2.15p that F(t, u) is uniformly continuous with respect to t on 
[0, oo) if and only if w G [0, 1]. 

From Theorem 12. II one derives the following corollary. 
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Corollary 2.3. Assume thaty(t) >0 be a continuous function satisfying inequality 
(ED, 



(2.16) y{t) - y{s) < ^ [giCMviO) + HOH, < s < t, 

where g and h are nonnegative locally integrahle functions on [0,cx)), ip > Q is 

a continuous function on [0,oo), and the functions g{x)dx and h{x)dx are 

uniformly continuous with respect to t on [0, oo). Then (j2.4p holds. 

Proof. Let 

f{x,y) ■■= g{x)(p{y) + h{x), x>0, y>0. 

It follows from the uniform continuity of g{x)dx and h{x)dx that the function 



F, defined in (|2.3p . is uniformly continuous. Thus, (|2.4p follows from Theorem 12. II 

□ 

Theorem 2.4. Assume that y{t) > is a continuous function on [0,oo), 

/•oo 

(2.17) / uj{y{t))ip{t)dt < oo. 



where ip{t) > is a continuous function on [0, oo), and there exists a constant 
C > such that 

, n . maxjgrj c_ ip{S,) 

(2.18) limit —]^oo, M:= limsup^ < oo, 

t^oo\ ip{t)J t^oo mm^g[t__c__j] V3(^) 

where f(x, y) > is a continuous on [0, oo) x [0, oo) function, which satisfies condi- 
tion (2.2). If there exist constants a > and 9 > such that the following condition 
holds: 

(2.19) / sup f{x, Qdx < {t- s)9a max (^(^), = const > 0, t > s > 1, 

Js 0<C<a C6[s,*] 

then holds. 

Remark 2.5. In ()2.19p and below the notation s ^ 1 means "for all sufficiently 
large s > 0" . 

Proof. Let us consider first Case 1, namely, Q < < 1. Later we reduce Case 2, 
namely, 9 >1, to Case L 

Assume that (|2.4p does not hold. Then there exists an e > 0, a sequence {tn)^^i 
such that 

(2.20) < i„ oo, y{t„) > e, Vn > 1, 
and without loss of generality one assumes that 

(2.21) e < 2aMC. 
Let us prove that 

(2.22) y{t) > (1 - 0)e, £ [i„,t„], Vn » 1, 
where 
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Assume that (|2.22|) does not hold. Then there exists a sufficiently large n > and 
a ^ e [ifi,tn) such that 

(2.24) yiO < (1 - 9)e. 
Let 

(2.25) V = minja; '■ ^ < x < tn, y{x) > e}. 
Then 

(2.26) in<^<iy< tn, 
and 

(2.27) < y{x) < y{v) = e, £.<x<v. 
It follows from (2.2), ([2201), (ESI, and ^^TI^ - ^^Tm that 

Oe < y{iy) - y{^) < / f{x,y{x))dx< / sup f{x,C)dx 
H J(, o<c<c 

(2.28) < / sup f{x,C)dx < [tfi — tfi)9a max 'y3(^) 

2Maip{tn) 

This contradiction proves p.22p . In the derivation of (|2.28p we have used the 
following inequality: 

(2.29) '"""^^fe-*-'^^^^ < "^ax,,,,_c,-.,.),.]V.(C) ^ » 1, 

ip{tn) mm5g[t._cv,-i(tf.),ts] V(C) 

which follows from (|2.18p for sufficiently large tn, and the factor 2 in (|2.29p can 
be replaced by any fixed factor 1 + q, where q > can be arbitrarily small if tn is 
sufficiently large. 

Since uj{t) is non-decreasing, it follows from (|2.22l) that 

tn 

uj{y{x))(p{x)dx > {tn - t„)w((l - 9)e) min ip{^) 

t„<^<tn 



(2.30) >uj{il~e)e) 



2aAf maxt^<^<t^ <^(^) 



> uj((l~e)e) > 0, 

- ' '2aM{M + q) 

where g > is arbitrarily small for all sufficiently large n. From (|2.2ip . (|2.18p . and 
((2:20)) . one gets 

(2.31) lim (t„ / ) > lim (t 



n^oo y 2aMip(tn) J n^oc y Lp{tn) ^ 

Inequalities (j2.30p and (|2.3ip contradict the Cauchy criterion for the convergence 
of integral ((2T7)) . Thus, ([23) holds. 

Consider Case 2, namely 6 > 1. In this case one replaces by 6*1 = i, C by 
Ci = 26'C, M by Ml = M, defined in (j^l^ with the Ci in place of C, and, 
therefore, one reduces the problem to Case 1 with 9 — \ <1. 
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Let us give a more detailed argument. Let ipi{t) 29(p{t) and Ci := 29C. Then 

(2.32) = Vi>0. 
This, (I^TTl) . (1^1^ and imply 

(2.33) / uj{y{t))(pi{t)dt < oo, 



I Ci \ max [^„^,t]'^i(0 
(2.34) lim ^ =oo, limsup —- ^ M < oo 

t^oo V ^i{t)' t^oo mm^ [j__ci_ J, V'n?) 



(2.35) / sup f{x,C)dx < {t- s)^ maTi (pi{^), t > s > 1. 

0<C<a 2 CG[s,t] 

Theorem 12.41 is proved. □ 
Remark 2.6. (i) Conditions (|2J8)) hold if 

Q«^ r • f+ ^ o r max^efCi-e)*,*] v(C) ^ 

(2.36) limmtii^(t) > 0, limsup ^-^^^ — ■ — — < oo, 

for a sufficiently small e > 0. 

(ii) If y{t) is differentiable, then (2.2) is equivalent to 

(2.37) y'{t)<f{t,y{t)), t>0. 

(iii) Theorem 12.41 holds if in place of (|2.19p one assumes that 

(2.38) sup f{t, C) < Cip{t), i » 1, C = const > 0. 

0<C<a 

Indeed, if ([238]) hold then 

f sup /(e, C)d^ < f CifiiOd^ < C{t - s) max ^(C). 

Js 0<C<a Js s<«<* 

(iv) If (p{t) is non-increasing, then the second relation in (|2.18p becomes 

ip{t - 

(2.39) M := limsup < oo. 



From Theorem 12.41 we derive the following theorem. 
Theorem 2.7. j4ssMme that y{t) > is a continuous on [0, oo) function, 

(2.40) ^ u:iy{t))^^^-^dt<^, < a < 1, 

(2.41) y(i)-y(s)< /" fix,yix))dx, 0<s<t, 

J s 

and there exist constants a > and k, > such that 

/■* t-s 

(2.42) / sup f{x,Qdx<Ka , k > 0, t > s > 1. 

Js o<c<a 

Then, 

(2.43) lim y{t) = 0. 
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Proof. Let (p{t) :~ (^i^t)" ' ^ (Ojl]- Then one can easily verify that conditions 
(|2.18p hold with C = 1/2. Condition (|2.19p also holds for this choice of tp and 
= 2k. Thus, Theorem follows from Theorem □ 

Remark 2.8. The assumption a G (0, 1] in (|2.40p is essential: if a > 1, then 
inequality (I2.18[) does not hold for ip{t) = ^^^^^^^ whatever fixed C > is. 

Corollary 2.9. Let y(t) > be a continuous function on [0, oo) and 

/•OO 

(2.44) / uj{y{t))(p{t)dt < oo, 

Jo 

where ip{t) > is a continuous function on [0, cxo). Assume that there exists a 
constant C > such that 

, f ^ maxfgrj c_ 

(2.45) limit — )=oo, M := limsup < oo, 

t-,oo\ ip{t)J t^oo mmjg[t^_c_ t] 95(0 

(2.46) y{t) - y{s) < f h{Odt 0<s<t, 

J s 

where h(t) > 0, Vt G [0, cxd), and 

(2.47) A :== limsup < oo. 
Then, 

(2.48) lim y{t) = 0. 
Proof. Let 

(2.49) fit,y):=h{t), t>0, y>0. 

Let us check that condition (|2.19|) holds for this f{t,y) and a = 2 A. From (|2.49p 
one gets 

(2.50) f{t,y)<2Aipit), t » 1, Vy > 0. 
This implies 

(2.51) ^ o<c<2A '''''^^ - / ^'^'^•^^^^^ - ~ i > s > 1. 
This and Theorem imply (H^S])- □ 
Corollary 2.10. Let y(t) > be a continuous function on [0,oo), 

(2.52) uj{y{t))j^—^dt<<x, 0<a<l, 
and 

(2.53) y{t) - vis) < hi^)d^, 0<s<t, 
where h{t) > 0, Vt G [0, oo). // 

(2.54) A:= lim sup h{t)t°' < oo. 
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then 

(2.55) lim y{t) = 0. 

Proof. Let ip{t) = -jj^fj^, a € (0, 1]. Then conditions ((^^ hold with C = ^ and 
M = 1, and condition ([^47]) also holds. Thus, ([2?55l) follows from CoroUaryESl □ 

Theorem 2.11. Assume that g > is a continuously differentiable function on 
[0,oo), 

(2.56) g{t)<-a{t)fig{t)) + b{t), g(0) = 50, 

where f{t) is a nonnegative continuous function on [0,00), /(O) — 0, f(t) > for 
t > , and 

(2.57) TO(e) := inf f{x) > 0, Ve > 0. 

If a{t) > 0, h{t) > are continuous on [0, 00) functions, and 



(2.58) 

then 



f°° b(t) 

/ a{s)ds — 00, lim —-^ = 0, 



(2.59) lim g{t) = 0. 
Proof. Let 

(2.60) s s{t) :== /" a(OdC- 

Jo 

It follows from (|2.58l) that the map t ^ s maps [0, 00) onto [0, 00). Let t{s) be the 
inverse map and define w{s) = g{t{s)). Then ()2.56p takes the form 

(2.61) w'{s) <~fiw)+l3{s), w{0)^go, 
where 

(2.62) ^(^)-'-TffTy = 

ds a(t(s)) s-^oo 

Assume that (|2.59p does not hold. Then there exist e > and (s„)5^]^) such that 

(2.63) < s„ / 00, w{sn) > e, Vn. 

From the last relation in (|2.62l) it follows that there exists T > such that 

(2.64) (5{s) < V,s > T. 

Since Sn oo, there exists > sueh that Sn > T,\/n > N. Thus, 

TTli 6 1 

(2.65) w'{sn) < ~f{w{s„)) + /?(s„) < -m(e) + -j-^ < 0, Vn > N. 

Since w{s) is continuously differentiable on the interval (s„_i,s„) and w'{sn) < 0, 
Vn > N, there are two possibilities: 

Case 1: w'{s) <0, n> N, for aU s e (s„_i,s„). 

Case 2: there exists a point G (s„_i,s„) such that w'{s) < 0, Vs G (in,Sn) 
and w'{tn) — where n > N. 
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We claim that Case 2 cannot happen if n > is sufficiently large, namely so 
large that /3{tn) < m(e). Indeed, if Case 2 holds for such n, then 

(2.66) w'it^) = 0, w{t^) > w{sn) > e. 
This and dlU) imply 

(2.67) = w'itn) < ~f{w{U,)) + < -m(e) + /3(i„), 

i.e., < m(e) < /3(t„). This contradicts the assumption \imt^^ I3{t) — because 
if n is sufficiently large then t„ is so large that I3{tn) < m(e). 

Since Case 2 cannot happen for all sufficiently large n, there exists A'^i > 
sufficiently large so that 

(2.68) w'{s)<0, Vs e (s„_i,s„), n>Ni. 
Thus, 

(2.69) w'{t)<0, Vt>swi. 

Therefore w{t) decays monotonically for all sufficiently large t. Since w{t) > 0, one 
concludes that the following limit > exists and is finite 



(2.70) lim w(t) = < oo. 

t—>-oo 

This and ^^W^i imply 

(2.71) limsupu)'(t) < lim [-f{w{t))+P{t)] < -m{W). 

t-^oo 

liW j^O, then m{W) > and 

(2.72) limsupw'(i) < -m(VF) < 0. 

This is impossible since w{t) > 0, Vt. This contradiction implies that W — 0, so 
(12391) holds. 

Theorem 12. lll is proved. □ 

Remark 2.12. Theorem l2. lll is proved in [5] under the assumption that / e Lipioc[0^ oo) 
and 

(2.73) /(O) = 0, f{u) > for t > 0, f{u) > c> for w > 1, 

where c = const. The assumption / e Lipioc[0, oo) was used in [5! in order to prove 
the global existence of g{t). In this paper we assume the global existence of g{t), 
and give a new simple proof of Theorem 12.111 

Theorem 2.13. Assume that g > is a {[0, oo))— function, 

(2.74) g{t) < -a{t)f{g{t)) + b{t), g{0) = go, 

where f{t) > is a non- decreasing function on [0, oo), /(O) = 0, f{t) > if t > Q. 
If a(t) > 0, b(t) > are continuous on [0, oo) functions, and 

ait)-' 



(2.75) / a{s)ds = oo, / P{s)ds < oo, /3(t) := 



th 



en 



(2.76) lim g{t) = 0. 

t^OO 
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Proof. Let s be defined in (|2.60|) and w{s) — g{t{s)). From (|2.61|) one gets 

(2.77) w{t)-w{0)+ / f{w{s))ds< / I3{s)ds< / (3 {s)ds < oo, Vt > 0. 

Jo Jo Jo 

This and the assumption that w > imply 

/•OO 

(2.78) / f{w{s))ds < OO. 

Jo 

From (|2.6ip one obtains 

(2.79) w'{.s) < /3{s), Vs > 0. 

Since I3{s)ds < oo, the function ^{t) :— J* I3{s)ds < oo is uniformly continuous 
with respect to t on [0, oo). This, relation (|2.78l) . inequality (|2.79l) . and Theorem l2.1l 
imply 

(2.80) lini w{s) = 0. 

This and the relation w{s) = g{t{s)) imply p.76p . 

Theorem 12. 131 is proved. □ 

Theorem 2.14. Assume that g > is a {[0, oo))~function, 

(2.81) g{t)<-a{t)fi9{t)) + b{t), g(0) = 50, 

where f{t) > is a nan- decreasing continuous function on [0,oo), /(O) = 0, f{t) > 
if t > 0, a{t) > and b{t) > are continuous functions on [0, cxd), and there 
exists a constant C > such that 

, n . maxjgrj ji a(^) 

(2.82) limit-— )= 00, limsup < 00. 

t^oo V ait) J t^oo mm^g[j__£_ j]a(C) 

If 

(2.83) K := limsup < 00, / b{s)ds < 00, 

t^oo a[t) Jq 

then 

(2.84) lim g{t) = 0. 

f — >-oo 

Proof. From (|2.8ip one gets for alH > the following inequalities 

(2.85) 5(t)-5(0)+ / a{s)f{g{s))ds < I b{s)ds < / b{s)ds < oo. 



Thus 

(2.86) / a{s)f{g{s))ds < oo. 

Jo 

This relation, dUS]), (EH]), and Corollary[2l]imply (IZM)) . TheoremlUlis proved. 

□ 

Remark 2.15. If a(t) = 0( ^^^^^^ ), 7 € [0,1), then conditions (|2.82l) hold for any 
C > 0. If a{t) ^ O(y^) then conditions ([ZlS]) hold if C > is sufficiently smah. 
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3. Applications 
Let _ff be a real Hilbert space. Consider the following problem 

(3.1) u^A{t,u) + f{t), u(0) = uo; /eC([0,oo);i7), 

where uq G H, A{t,u) : [0,oo) x H ^ H is continuous with respect to t and u. 
Assume that 

(3.2) A{t,0) = 0, Vt>0, 

(3.3) {A{t,u) ~ A{t,v),u-v) < --f{t)\\u~v\\Lu{\\u~v\\), u,v e H, 

where "f(t) > for alH > is a continuous function and uj{t) > is continuous and 
strictly increasing function on [0, cxd), a;(0) = 0. 

The above assumptions are standing and are not repeated. Assumption p.3p 
means that A is a dissipative operator. Existence of the solution to problem p.ip 
with such operators was discussed in the literature ([4], [7], [5]). 

Let 

m ■■= urn- 

Consider the following three assumptions: 
• Assumption A) 

(3.4) / j{t)dt = oo, lim 44 = 0- 



t-i>oo 7(t) 



Assumption B) 



f°° r°° 8(t) 

(3.5) / jit)dt = oo, / -rrdt < oo. 

Jo Jq 7(i) 

• Assumption C) 



(3.6) / < oo, 7(t) = Oi ), limsup/3(t)r < oo, 

where a = const € (0, 1]. 

Remark 3.1. Assumption (13.21) is not an essential restriction: if it does not hold, 
define /i(t) := f{t)+A{t, 0), and Ai{t,u) := A{t,u)-A{t,0). Then Ai(t, w) satisfies 
assumptions (|3.2p and (|3.3p and fi{t) plays the role of f{t). 

Lemma 3.2. // assumptions p.2p - p.3l) hold, then there exists a unique global 
solution u(t) to (|3.ip . 

Proof. Let us first prove the uniqueness of solution to p.ip . 
Assume that u and v are two solutions to (13. ip . Then one gets 

(3.7) u-i)^ A{t,u)- A{t,v), t>0. 
Multiply p.7p by u — V and use p.3l) to obtain 

(3.8) i^llu - «f = {A{t, u) - A{t, v), u~v)<Q. 



Integrating p.Sp one gets 

(3.9) \{\\u{t) ~ v{t)r ~ \\u{Q) - v{Q)r ) < 0, V< > 0. 

This implies u{t) = v{t), Vt > 0, since u(0) = u(0) 
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Let us prove the local existence of a solution to . 

In this proof an argument similar to the one in [3] or [5] is used. Let Un{t), cahed 
Peano's approximation of u, solve the following equation 

(3.10) u^{t)=uo+ j [A{s,Un{s--)) + f{s)]ds, t>0, 

Jo " 

and Un{t) = uq, \/t < 0. 

Fix some positive numbers r > and ti > 0. Let 

B{uo, r) := {u : \\u - UqH < r}, 

and 

(3.11) c:= sup {\\A{t,u)\\ + \\f{t)\\)<^. 

{t,u)e[0,ti]xB{uo,r) 

From (|3.10[) one gets 



(3.12) ||M„(t) - "oil < ci < r, 0<t<Ti, Ti := min(ii, -) > 0, 
Define 

(3.13) Wnm := Un{t) - Uyn{t) , Qmn ■= \\Wmn{t)\\, t > 0. 

From p.lOp one obtains 
(3.14) 

gmn{t)gmn{t) =(A(t, U„(i )) - A{t,U„i(t )),Un{t) - Um{t)) 

n m 

^{A{t,Un{t - -)) - A{t,U,n{t - —)),Un{t - -) - M,„ (t - — )) 

n m n m 

+ {A{t, Unit - -)) - A{t, u„,{t - 1)), u„(t) - Unit - -)) 
n m n 

+ {Ait, Unit - -)) - Ait, U,nit - —)),U,nit ~ —) - U„,it)) . 

n mm 
From ([XTi|) . (jXTTI) . and one obtains 

(3-15) l±gl^^(t)<4c\- + -), m,n>0, t e [0,Ti]. 

2 dt n m 

Integrating (j3.15l) . using the relation .g„i„(0) = 0, and taking the limit as m,n oo 

one obtains 

(3.16) 0< lim glrnit)< 1™ tAc^i- + —)^Q, Vte[0,Ti]. 

n,m— >oo n,m— >oo n m 

It follows from (|3.16p and the Cauchy criterion for convergence of a sequence that 
the following limit exists 

(3.17) uit) := lim u„(t), < < < Ti. 

Passing to the limit n — ^ cxd in equation (j3.10p and using the continuity of A(i, u) 
on [0, oo) X H and p.l7p one concludes that uit) solves the equation 

(3.18) uit) = uo+ f [Ais,uis)) + fis)]ds, yte[0,Ti]. 

Jo 

Thus, the local existence of the solution u(i) to equation (|3.ip is proved. 
Let us prove the global existence of uit). 
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Assume that u{t) does not exist globally. Let [0,r] be the maximal existence 
interval of u{t). Then, < T < oo. It follows from relation p.28p that 

(3.19) \\u{t)\\:^g{t)<c^ const <oo, Vte[0,T). 
Let us prove the existence of the finite limit 

(3.20) lim u(t) = UT. 

Let Zh(t) := u{t + h) - u{t), 0<t<t + h<T. From ((2:67| one gets 

(3.21) zhit) - Ait, u{t + h)) - A{t, u{t)) + fit + h) - fit), 
where 0<t<t + h<T. Muhiply ((X^ by Zhit) and get 

(3.22) l|||z,(t)|j2<-7(||z,(t)||)||z,(t)|K||z,(t)||) + ||z,(i)||||/(t + /.)-/(t)||^ 
This implies 

(3.23) ^^\\zhit)\\<\\fit + h)^fit)l 0<t<t + h<T. 
Integrating p.23p one gets 



\\zhit)\\ < \\zhiO)\\+ / \\f{x + h)-f{x)\\dx 

(3.24) Jo 

< \\zhiO)\\+T^umx_Jfit + h)-fit)\\. 

Since lim?i_>+o \\uih) ~ u(0)|| = and lim^j^+o niaxo<t<T-ft ||/(< + /i) - /(i)|| = 0, 
one concludes that 

(3.25) lim ||M(t + /i) -u(i)|| = 0, 

/i->0 

and this relation holds uniformly with respect to t and t + ft. such that t < t + h < T. 
Relation (j3.25p and the Cauchy criterion for convergence imply the existence of the 
finite limit in ((X^ . 

Consider the following Cauchy problem 

(3.26) u = Ait, u) + fit), uiT) = UT- 

By the arguments similar to the given above one derives that there exists a unique 
solution u(<) to (|3.26p on [T,T + S\, where 5 > is a sufhciently small number. 
From the continuity of fit) and u(i) in t and Ait, u) in both t and u one gets 

(3.27) lim iiit) = lim A(t, u) + /(<) = lim A(t, u) + fit) = lim iiit), 

t — >i— t — yl— t — t — + 

and the above limits are finite. Thus, the solution to p.ip can be extended to the 
interval [0,r + (5]. This contradicts the definition of T. Thus, T — oo i.e., u(t) 
exists globally. 

Lemma [3T2l is proved. □ 

The main result of this Section is the following theorem. 

Theorem 3.3. //u(t) solves problem (j3.ip globally and at least one of the assump- 
tions A), B), or C) holds, then 

(3.28) lim \\uit)\\ = 0. 

t—^OO 
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Proof. The global existence of u(t) follows from Lemma \3l2\ under the assumptions 
of this lemma, or from the results in |4] and [7]. 

Let us prove relation (|3.28p . 

Multiplying (|3TT|) by u, one obtains 

(3.29) ~Mt)f = {Ait,u),u) + {fit),u) < -^it)\\uM\\u\\) + \\fm\\u\\. 

Since u{t) is continuously differentiable, so is ||w(i)|| at the points t at which > 
0. At these points inequality (|3.29p implies 

(3.30) jjuit)\\<-^{tM\\um) + \\fm, t>o. 

If ||u(t)|| — on an open interval (a, 6) C [0, oo), then ^|j-u(i)|| = on (a, 6), and 
inequality ([330)) holds trivially, because a;(0) = and ||/(t)l| > 0. If ||u(s)|| = 
at an isolated point s > 0, then the right-sided derivative of ||M(i)|| at the point s 
exists, and 

— \u{t)\^ hm = hT"(s) , 

at T->+o T at 

and inequality (j3.30p holds for this derivative. In what follows we understand by 
^||u(t)|| the right-sided derivative at the points s at which ||w(s)|| — 0. The left- 
sided derivative of ||u(i)l| also exists at such points, and is equal to — ||^u(s)||, but 
we will not need this left-sided derivative. 

Let g{t) := \\u{t)\\ and /3(t) \\f{t)\\. From (IS^O]) one gets 

(3.31) g{t) < -litMgit)) + m, t>0. 

Let a{t) := -f{t) and b{t) l3{t). 

If Assumption A) holds, then (I3.28P follows from this assumption and Theo- 
rem [mil 

// Assumption B) holds, then (I3.28P follows from this assumption and Theo- 
rem 

// Assumption C) holds, then (j3.28p follows from this assumption and Theo- 
rem 

Thus, ((3:28)) holds. 

Theorem 13.31 is proved. □ 
Example. 

Let D C M"^ be a bounded domain with a smooth boundary. Consider problem 
(|3J|) with 7(i) = (1 + ty, a = const £ (0,1], f{t) = 0((Y^), A: > 1, and 
A{t,u) := ^{t)[Lu — u^], where L is a second order negative-definite selfadjoint 
Dirichlet elliptic operator in D, e.g., L — IS., where A is the Dirichlet Laplacian in 
D. Then 

/3(i) = ll/WII < (YTTjfe' ^>i' 

conditions p.2p and p.3p are satisfied for u,v <E D{A), where D{A) is the domain 
of definition of the operator A, A{u) := Au-u^, D{A) = H'^{D)nH^{D) C C{D), 
H^, £ = 1,2, are the usual Sobolev spaces, and the inclusion holds by the Sobolev 
embedding theorem in R^. The function Lu{r) in (|3.3p in this example is uj{r) — cr, 
where c > is a constant. This follows from the known inequality 

-{Lu,u)^\\Vu\\>ciD)\\ul 
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valid for u G Hq{D), c{D) ~ const does not depend on u e Hq{D). In this 
example the operator A is not continuous in H, but the global solution to problem 
p.ip exists and is unique (see, e.g., [7], [3], [S]). One checks that Assumption C) 
is satisfied, and concludes using Theorem 2.14 that (13.281) holds for the solution to 
p.ip in this example. 

Theorem 2.14 can be applied regardless of the method by which the global ex- 
istence of the unique solution to problem (3.1) is established and inequality (3.31) 
is derived for this solution. 

Let (•, •) denote the inner product and || • || denote the norm in L^{D). Then the 
usual ellipticity constant ci — j{t)c{D) in the inequality 

ci\\uf < --f{t){Lu,u) 

tends to zero as t ^> oo, so one deals with a degenerate elliptic operator as t — s> oo 
in problem (13. ip in this example. 

One can extend the result in this example to much more general nonlinearities. 
For instance, if A{t,u) — '){t)[Lu — h{u)\, where uh{u) > for all u € R, and 
h satisfies a local Lipschitz condition, then one can derive an a priori bound for 
the solution u{t) of (3.1) sup^Q ||w(i)|| < c, and prove the global existence and 
uniqueness of the solution u(t) to problem (3.1) using, for instance, the method 
from [6]. The assumption uhiu) > for all u G i? makes it possible to consider 
nonlinearities h[u) with an arbitrary large speed of growth at infinity. Let us outline 
the derivation of the above bound. Multiplying (3.1) by u and using the estimate 
{Lu,u) < — c||m||^, the assumption uh{u) > 0, and denoting g := one gets the 

following inequality 

g<~2c^{t)g + 2\\f\\g'/^ g(0) - hof ■ 

For simplicity and without loss of generality assume that uq — 0. Then it is not 
difficult to derive the following inequality 

\\um< f\\fis)\\e-^r.fir)dra^^ 

Jo 

Using the assumption A: > 1, one obtains from this inequality the following estimate: 

sup||u(t)|| < -r^. 
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